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The Cubi-quadric System. 

"A familiar demonstration of the working." 

(Lovers Labor Lost, Act I, Scene 2. 

By J. Hammond. 



The Cubi-quadric System. 

1. The fifteen covariants of this system are taken from Salmon's Higher 
Algebra (3d ed. p. 178), but the cubic is here reduced to its canonical form by 
writing zero for both b and c in Salmon's formulae. These are arranged according 
to their degree in the coefficients of the Quadric instead of their order in the 
variables, a uniform notation is introduced, and what must be considered (for 
the present purpose) simpler forms are used instead of i 4 and B. 

The two notations are given connectively below. 



Salmon's 


The Present Notation. 


U 


A 13 = ax 3 + dy s 


E=- Hessian of u 


A %% — adxy 


Q 


A 33 = ad (ax 3 — dy 3 ) 


D 


-0.40 — a a 


V 


B n = AJ + iBxy + Gi? 


A 


B n = aCx + d Ay 


Jacobian of u, v 


B 13 = — B (ax 3 — dy 3 ) — xy (at 


1 


B. 20 = — adB 


Jacobian of v , H 


B n =ad(Ax* — Gif) 


h 


B 3l = ad (a Gx — dAy) 


A 


C W =AC-B* 


A 


C n = B (a Gx — dAy) — (dA % x - 


4 + ILi 


G 3l = ad (dA 2 x + aC'y) 


*L = R + 8A/ 


D 20 =a?C 3 + cPA 3 — 2adABG 


M 


D i0 =ad(a?C 3 -d*A 3 ) 



dAy) 



■aGhj) 



* R is the resultant of the cubic w and quadric v, L the resultant of the two linears L x and L 2 
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Here the suffixed letters show the degree in the coefficients of the Quadric, 
and their suffixes denote the degree in the coefficients of the Cubic and order in 
the variables ; thus G 3l is of the second degree in the coefficients of the Quadric, 
of the third degree in those of the Cubic, and linear in the variables. 

2. The following syzygies may, by the use of the canonical form, be easily 
verified.* 

^°" m*d'er g * ^°* ^' uut Jnvoly i u S groundforms in which the coefficients of the quadric appear. 

(1) 0.6.6 Al 3 A i0 —4Al — AI 3 = 0. 

Nos. (2) to (7), of degree 1 in the coefficients of the quadric. 

(2) 1.3.5 A 13 B i2 — A 3S B m - 2A n B 13 = 

(3) 1.4.4 A 13 B 31 — A 3S B n + 2A 22 B n = 

(4) 1.4.6 A{ 3 B W + 2A\ 2 B W - A 13 A 22 B U - A 33 B 13 = 

(5) 1.5.3 A i0 B 13 + A n B 3l - A 33 B 20 = 

(6) 1.5.5 A 13 A i0 B m + 2A l3 A 22 B 2(l — 2A\ 2 B n - A 33 B 22 = 

(7) 1.6.4 A 13 A i0 B n - 2^M A - 4A* 2 B W - A 33 B 31 = 

Nos. (8) to {%)}, of degree -2 in the coefficients of the qiuuUMc. 

(8) 2.2.4 A 13 C U + B W B 22 + B n B l3 = 

(9) 2.2.6 A\ 3 G m — A 13 B m B n + & n A n + B\ 3 = 

(10) 2.3.3 A 33 G W - B W B 31 + B 13 B 20 + A n G u = 

(11) 2.3.3 B n B 22 — B 02 B 3l + 2A 22 G n = 

(12) 2.3.5 A n B m B m - 2A i3 A 22 G m) + A 22 B 02 B U - B n B 22 = 

( 1 3) 2.4.4 A ls G n - A i2 B* n - B\ % = 

(14) 2.4.4 A 33 G U + B 13 B S1 + B\ 2 = Q 

(15) 2.4.4 A 13 G 31 - A 13 B U B 20 - 2A 22 B m B 20 - A m B^ + B 1S B 31 = 

(16) 2.4.4 A M Bl - 4At 2 G m + ±A 22 B i& B 20 — B\ 2 = 

(17) 2. 5. 3 2A 22 B n B w — 2A 22 G 31 + A i0 B 02 B u — B W B 31 = 



* Only nine of these forty-four syzygies are fundamental, in the sense in which the word is used 
on p. 342, Vol. VII of the American Journal of Mathematics. For we know that any other covariant 
can be expressed in the form i;>(A l3 , A,,, A J:i , B (U , B 13 , O 00 ), see Sylvester, Vol. I, p. 119, in this 
Journal. The nine fundamental syzygies are therefore those in which the remaining nine covariants 
appear for the first time. Or it may be simpler to say that Nos. (1) to (5) inclusive are fundamental, 
since from them it is possible to obtain each of the five covariants A la , £?, , , B 22 , B iu , and B 3l , in 
the form <j> (A l3 , A 2i , A 33 , B 02 , B,,,, 0„„), and that Nos. (8), (13), (23), and (27) are also fundamental. 
All the non-fundamental can be deduced from the fundamental, when these are known, without 
any direct reference to the actual values of the covariants, e. g. from the three fundamental syzygies 
Nos. (2), (3) and (8) we have 
B ls (2)— B , (3) + 2A 22 (8) = B 11 {A 1J B 2 ,-A,.B oi -2A 22 B ls ) 

-B a , (4 U B S] - A S3 B, l + 2A 2i B, 2 ) 

+ 2A 22 [A is C li + B 0i B 22 + B ll B l ,,) = A L ,(B, s B,..-B a2 B 31 + 2A 22 O 11 ) 
from which the non-fundamental No. (11) is obtained. 
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(18) 2.5.3 A 13 A i0 C m + A 13 B 20 — A 22 G 31 — B i2 B 31 = 

(19) 2.6.2 A^Bl, — ±A 22 A i0 C 00 — AA 22 B\, - B\ x = 

(20) 2.6.4 A 22 B n B 31 + 2A 22 B W B 22 + A it> B w B 22 — A 33 G 31 = . 

No. d ofder S ' Nos ' (21) t0 (3 ' 2 ^ ot de S ree 3 ln tne coefficients o£ the quadric. 

(21) 3.2.4 A ls B n G m + 2A 22 B m C w - Bl 2 B 20 - B a B* u - B 13 C U = 

(22) 3.3.3 2A 22 B n C m — B^B n B w — B m G 31 — B 22 G n = 

( 23) 3.3.3 A 13 D 20 — B\ x + 2B 2% G n + B 02 G 3l = 

(24) 3.4. 2 A 22 D 20 + A^ G w + B n ff w - B n G 31 = 

(25) 3.4.2 2A st D M - & n B n — B n G n - B 31 G n = 

( 26) 3.4.4 A 22 B n G n + 2A 22 B W G m - B m B^B 22 + B 13 G 3l = 

(27) 3.5.3 A 13 D i0 - B> n B 31 + B 22 C 31 = 

(28) 3.5.3 4A 22 B 20 C u -2A 22 B 31 C w + A 4O B ,C n + B u B 20 B 22 + B 22 C 3l = O 

(29) 3.5.3 A 33 D 20 - 2A i0 B 13 G 00 - B» u B a - 2B\ B l3 - B 22 C 3l = 

(30) 3.6. 2 A 22 D M + A i0 B 22 C 00 + B\ Q B 22 - B 31 C 31 = 

(31) 3.6.2 2A 22 D i0 -A i0 B 11 C 11 -B n B 20 B 31 -B 31 C sl 

(32) 3.7.3 2A m A 40 B n G m + 2A 22 B 20 G 31 + 2A 22 B n B\ - A^Bl + A^B^G^ 

+ A 33 D i0 =0. 

Nos. (33) to (41), of degree 4 in the coefficients of the quadric. 

(33) 4. 2. 2 B 02 D 20 - E\ x G w - C? x = 

(34) 4.3.3 2A 22 G m G n - B W B 20 G n - B\ G n - B n B 22 G m - B 13 D 20 = 

(35) 4.4. 2 B 02 D i0 + B U B 20 G u — B U B S1 G 00 - G n G 31 = 

(36) 4.4. 2 B 02 D i0 — B 22 D 20 - 2 G u C 31 = 

(37) 4.5.1 2A i0 G 00 G 11 - B n D m + 2B\\C n + i? 31 Ao = 

(38) 4.5.3 B n B 31 G n - B 20 B 22 G n + B 13 D i0 + B m B a G w = 

(39) 4.6. 2 A m Bl C m + Bl.Bl, - B 22 D i0 - CI = 

(40) 4.6.2 A i0 Ch + 2B 20 B 31 G n + B 22 D m - B^G W = 

(41) 4.7.1 2A 40 B n B 20 C m - A i0 B n D 20 + 2A i0 C w C 3l + 2B\,B n + 2B\,G n 

+ B 31 D i0 =0. 

Nos. (42) and (43), of degree 5 in the coefficients of the quadric, and linear in the variables. 

(42) 5.5.1 2A i0 B n G! + 2B n Bf G M + B n B 20 D 2Q + G n D i() - G 3l D 20 = 

(43) 5.7.1 2A i0 B 31 G*> + A i0 G U D W - B n B 20 D i(l + 2 Bl B 31 G m + 2B w B 3l D 20 

-G sl D i0 =0. 

No. (44), invariant, of degree 6 in the coefficients of the quadric. 

(44) 6.8.0 4AM + SA i0 Bl G^ + AA i0 B w C m D m - A i(i D\, + 4Bj G m 

+ 451^0 + ^0 = 0. 

3. The Numerical Generating Function for the Cubi-quadric System, given 

by Professor Sylvester (American Journal of Mathematics, Vol. II, p. 295), is the 

fraction — ; where 
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D = (1 — fe 2 )(l — c*)(l — 6c s )(l — 6V)(1 — 6x a )(l — cV)(l — ex 3 ) 

JV = 1 + c 3 cc 3 + Jcb + bca* + 6cV + 6c 3 x + Z> 3 ex + &Vx 2 + tfc 3 x + bW + 6 W + & 3 c 4 

_ J c 3, x 5 _ fcW _ ftVx 3 — b^x* — 6W - 6W — & : W — 6 W — &'V.r 4 

— i W — 6W — 6 4 cV. 

It is not difficult to find a Real Generating Function similar to that 
obtained for the Quintic by Prof. Cayley in his Tenth Memoir on Quantics ; viz. 
we have 

1 — A\ % D %() corresponding to 

+ A„{1 — D K ) 

+ B a (l-AUD n ) 

+ B a {l — A n ) 

+ B 22 (1-D W ) 

+ B 31 (1-A 22 ) 

+ tf u (l — J*) 

+ B\ 1 (l-A n ) 

+ G 31 (l-A 22 ) 

+ B n B 31 (l-A 22 ) 

+ B n G n (l — A a ) 

+ D i0 (l-A 22 ) 



(I) 



(l-G w ){l-A i0 )(l-B 20 )(l-D 20 )(l-B w )(l-A 22 )(l-A ls ) 



\—b 3 


e 6 a; 4 


+ c 3 x 3 - 


■ 6 W 


4- box — 


■ bW 


+ bex 3 - 


- bc 3 x 5 


+ bc 2 x* - 


- z> w 


+ bc 3 x - 


- 5c 5 x 3 


+ tfcx ~ 


- 6 W 


4- SVa; 2 


— fiW 


+ Vc 3 x - 


- 6Va; 3 


+ &W 


— bW 


+ bW 


— bW 


+ 6 3 c 4 - 


- 5 3 C 6 iC 2 


Den r . D as above. 



Reasoning precisely similar to that employed by Prof. Cayley in the memoir 
just mentioned will show that each of the 1 2 negative terms in the numerator 
corresponds to a syzygy connecting terms such as P<p(C 00 , A i0 . . . . A 13 ), where 
P is any one of the twelve positive terms of the numerator and G w , A i0 , etc. 
are the seven denominator forms; and that there are besides these 12 syzygies 
36 others. We should therefore expect to find 48 irreducible syzygies in all ; 
but it will be found that 4 of the 1 2 syzygies, represented in the numerator, are 
in fact reducible, so that the true number is 44, as given in the preceding article. 
The four reducible syzygies are those corresponding to the terms 



- AID W deg. 


deg. 


order 3.6.4 


4 3 R D " 


i i 


4.7.5 


— A 22 B n JJ sl 




2.6.4 


— A 22 B n C n 


it 


.3.4.4 
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The first of these may be calculated as follows : The only compounds of 
deg. deg. order 3.6.4 which contain the twelve positive terms of the numerator 
in the first degree are found to be these 

-^22-^*20 ^"00 , A 22 U 2() , -^-^-"(B ^00 ) -^22^02^20) -^40-"02""20 
B\\ • A X3 A 40 ^00 ) -°11 • ^-13-°20 

TP A TZ JW A Ti 

■"U • - a 22 x> 20 1 ^11 • - a -40 x> 02 
^31 • -^lS-°20 • 

Then in 

a^| 2J B 20 Coo + MAo + 7^22^40^02^00 + . . • = , 
the values of the co variants, given in Art. 1, are substituted, and the numerical 
factors a, fi, y, . . . are determined by elementary algebra. 

In this way we find the syzygy 
{a) A 22 l) 2() + A 22 A m B (& 6 00 4- A 22 B^B W + A 13 A 40 B n C7 00 + A 13 B n BW 

2 A 22 B U B 20 — A i0 B 02 B u = . 
But from Art. 2 we obtain 

A 22 (24) - B n (17) + B u (18) = A 22 (A 22 D 20 + A i0 B 02 G m + B n Bl - B n G 31 ) 

— -d u (2A 2i B n B i() — 2J. 22 C 31 + A i0 B m B u — B 22 B 31 ) 

H" "Oil (^-13^40^00 + ^-13-^20 A 22 G 31 B 22 B 31 ) 

= («). 

The remaining three syzygies are 
(o) 2A 13 A 22 B 20 IJ 20 -f- A^A^B^D^ -f- S^l^-Oii-o^o^oo — ^22-011-^20 "f" 3^22^4o-oo2-Oii ^00 

5 ^-22-O02-Oll-O20 2^1 40 ^ 02 5 11 ij20 ^.13^40^11 ^00 -"-13^11-020 

— 2A 22 B m B 20 G 31 — J. 40 i> 2C'3 1 = 0, 
(c) 2A 22 B 20 B 22 + AJBnB* + ^Ao^i + A w A m <?n — A n B n B 31 = , 
(a) 2i4 2 2^>22 ' y oo -O02-O20-O22 + -^13-031^00 -0-13-020^11 — B 02 B U B 31 4- A 22 B n G n = . 
And the four reducing equations are 

(a) = ^2(24)- J B n (17) + 5 11 (l8) 

(6) = 2^20 (23) + 4^2^20 (22) 4- A i0 B^ (23) + 2^ 40 £ 02 (22) - B n (a) 

(c)=A i0 (S)-B n (5) + B 20 (S) 

{d) = B u {W)-B 20 (S) + C m (S), 
where the first of these has been given above and is here repeated. 

4. The twelve negative terms in the numerator of the Real Generating Func- 
tion have necessarily been selected in a very arbitrary manner ; for it is possible 
to write most of the syzygies in a great many different forms, and, after we have 
decided on one of these forms, any term of the syzygy might be selected to 
represent it. Thus, leaving the other eight as they are, we may take for the 
four reducible syzygies 
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(a)' = B u (17) -B n (18) 

(b)' = B n (a)' 

(c)' = B n (5) 

(d)' = B u (10) 
which only differ from them in this, that those portions of them which are simply 
divisible by any of the denominator covariants have been rejected. 

There is now no term A\ % D 20 in (a)' and no term A\\B U D^ in (b)', so that 
these will have to be replaced by others. Moreover since (17)— (18) is properly 
represented by — A 22 G 31 , the proper representatives of (a)' and (b)' are 
— A 22 B n G 31 and — A 22 B 2 U G 31 . 

The altered numerator will be 

1 ^22^11^31 

+ yi S3 (i-Ao) 

+ B u (l-A 22 B n C m ) 

+ 

in which the remaining terms of (I) have undergone no change. 

Both numerator and denominator of the Real Generating Function, after it 
has thus been altered, are multiplied by 1 — B u ; when the transformed numerator 
becomes 
(II)... 1 -B 3 n -A n B\ x +AM 

"t* A 33 -0.33^*11 ^33-^ao + A 33 B n D i(j 

+ B 13 — B U B 13 — A 22 B 13 + A 2Z B n B l3 

+ B 22 B U B 22 B 22 l) 20 + B U B 22 D 20 

+ B31 — BuBn — A 22 B 3l + A^BlyBn 

+ C\ X B\ x G n A 22 G u + A 22 B U ^11 

+ G 3 i — B n G 3i — A n C 3l + A n B\\G 31 

+ -i/40 B n D i(j — A 22 D i0 -\- A 22 B n D iQ 

The corresponding transformation of the Numerical Generating Function is 
obtained by simply multiplying both iVand D by 1 — box, when we have 
(III) N(l — bcx) = 1 — bW — 6W + 6W 

+ cV — 6cV — b 3 c 5 x 3 + 6 4 cV 
+ box 3 — bW — bc 3 x 5 + bW 
+ bc'x 2 — bW — bWx % + 6 W 
+ bc 3 x — 6 3 c 5 x 3 — b&x 3 + 6Vx 5 
+ Vex — 6 W — 6 W + 6 W 
+ V&x — Z> 3 cV — 6 W + 6 W 
+ 6 3 c 4 — b*c 5 x — b 3 c V + Z>W 
where the arrangement of the terms is the same as in (II). 
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The covariant B n has now been transferred from the numerator into the 
denominator, and is henceforth to be reckoned among the denominator forms ; 
while in consequence of this transference all the covariants, and all the syzygies, 
divisible by B n have also disappeared from the numerator. Seven terms remain 
in the first column, or first positive block, of (II) or (III), all of them representing 
groundforms ; the sixteen terms in the negative block all represent irreducible 
syzygies ; and the existence of second syzygies is manifested by the appearance 
of a second positive block. There is reason to believe that one of the indicated 
second syzygies is compound, the remaining seven can be proved to be irreducible. 
5. On account of the arbitrary selection of the negative terms in (I), 
previously mentioned, it is clear that, at any stage of the work, we may replace 
any combination of the 15 letters A 13 . . . D i0 by a properly chosen combination 
in syzygy with it. Using this principle to obtain a further transformation of II, 
we have B\\ in syzygy with A i3 D 20 , No. (23) 

A n B\\ " " A 13 G 31 , No. (13) 

B\ X B 31 » << A 13 D 40 , No. (27) 

Bl.Cn " " B 13 D 20 , No. (34) 

B U B 13 " " A 13 G n , No. (8) 

B n G 31 " " J. 22 Ao, No. (24) 

■SuAo " " #3iAo, No. (37). 

The indicated substitutions may be performed so as to obtain 
(IV) ... 1 A 13 D i0 — A 22 D 20 + A l3 A 22 D 20 

+ ^33 -^33^11 ^33^20 "+" A 33 B n D 20 

+ B 13 B 13 D 20 A %% B X3 + A^Bi 3 D w 

"T" -°22 — B u B n B n D M + B n B n D w 

"T B 31 — B 3l D w A 22 B 31 -f- A n B 3 il)^ 

+ G\\ -^-13^11 -^-22^11 + ^13-^22^11 

+ C 3 i -^-13^31 -^22^31 T A 13 A n 6 31 i/ 2 

H~ D i0 — A 13 D m — A n D i0 + A l3 A 22 D m 
wherein some of the terms have been rearranged so that, as in (II), only denomi- 
nator forms occur in the first row, and the last term of the seventh row is the 
last term of the first row multiplied by G 3l . Bach of the remaining six rows is 
divisible by a pair of denominator factors ; e. g. the last is 2? 40 (1 — A l3 ){\ — A 22 ). 
This transformation proves that seven of the indicated second syzygies are 
irreducible, for (see Vol. VII, p. 337 of this Journal) any » th syzygy that can be 
properly represented by a in + l)-ary combination of the groundforms is neces- 
sarily so. As an illustration, we have 
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A n ( 1 1 ) = A l3 (B n B n — B m B 31 + 2 ^ G n ) 
— 2An (8) — 2A n (A n G u + B W B 22 + B n B 13 ) 

+ #02 (3) + #02 (-^i3#3i A 33 B n + 2J. 22 i> 22 ) 

-"11 (2) % (-^lS-"22 -^33#02 ^A^B^) = , 

which may be represented, with propriety, in several ways by a ternary com- 
bination. Thus the term A w B n B 13 represents it in (II), and the term A w A iZ G u 
in (IV) ; while (8) shows that B n B ls is in syzygy with A ls G n and forms the con- 
necting link between the two modes of representation. 

From (IV) we obtain immediately a set of names for the 44 irreducible 
syzygies, viz. these are the aggregate of the negative terms, and the binary com- 
binations of the letters A 33 , B 13 , . . . Z) 40 which form the first column. Names 
might of course be found with equal facility from (II), but these, though equally 
appropriate in other respects, would not consist exclusively of binary combina- 
tions. 

In the following multiplication table each set of three numbers is the deg. 
deg. order of the syzygy whose name is the product of the letters standing one 
in the same row and the other in the same column. 





^33 


#13 


#22 


#31 


G n 


^31 


Ao 


Ao 


^33 


0.6.6 
















#13 


1.4.6 


2.2.6 














#22 


1.5.5 


2.3.5 


2.4.4 












#31 


1.6.4 


2.4.4 


2.5.3 


2.6.2 










O a 


2.4.4 


3.2.4 


3.3.3 


3.4.2 


4.2.2 








Obi 


2.6.4 


3.4.4 


3.5.3 


3.6.2 


4.4.2 


4.6.2 






Ao 


3.7.3 


4.5.3 


4.6.2 


4.7.1 


5.5.1 


5.7.1 


6.8.0 




-"4-13 










2.2.4 


2.4.4 


3.5.3 


3.3.3 


^22 




1.3.5 




1.5.3 


2.3.3 


2.5.3 


3.6.2 


3.4.2 


#11 


1.4.4 




2.3.3 












Ao 


3.5.3 


4.3.3 


4.4.2 


4.5.1 











Vol. VIII. 
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The last four rows, in which the distribution seems somewhat irregular, 
correspond to the sixteen negative terms of (TV). 

6. To obtain complete lists of the 2nd, 3rd, . . . 9th syzygies, it will be 
necessary to multiply (IV) by each factor in succession of 

(1 - A 33 )(l - B 13 )(l - B„)(l - B 31 )(l - <7 U )(1 - <7 n )(l - Ao) - 
and the form of the term A 13 A W G 31 D 26 leads to the selection of 1 — G sl for the first 
multiplier ; for if this term represents the compound second syzygy G 31 (A 13 A ii D i0 ) , 
it can be removed by this operation. To decide this question would involve 
some lengthy calculations, and, should the answer be in the affirmative, a precisely 
similar question would present itself at the next stage, and so on. In the absence 
of any information on this point we shall proceed on the assumption that 
A 13 A<$G 31 D W = G 31 (A^A^D^) , and similar assumptions will be made (one at each 
stage of the work) throughout. Or, what is the same, we shall assume that one 
of the terms of the last block, and one only, is removed at each multiplication. 
The result of the first multiplication is, however, given on both hypotheses. 

Using, for the sake of brevity, P, Q, and B, to denote the groundforms, 
syzygies, and second syzygies represented in (IV), respectively ; and writing 

(1 + P- Q + B)(l - G 31 ) = l + P 1 -Q 1 + R 1 -S 1 , 
we have in the two cases, viz. 

-^13-^23 G 3 \D m = G 3l (A 13 A2 i D w ) A l3 A n G 31 D i0 irreducible 

P 1 =P-O n P t =P-O a 

Qi=Q + G 31 P Qi=Q + G 31 P 

B 1 = (B — A 13 A W G 31 D 20 ) + G 31 Q B 1 = B+ C 31 Q 

S l = (B- As^Ao) G a S 1 = G 31 B. 

And in general, if after the n th multiplication we have 

l+P n -Q n + B n -S n + ... 
with 1 — [i for the (n + l) st multiplier, we shall find that 

Pn + 1 — ■ Pn f 1 

Qn + 1 :== Qn 4" [t-Pn 
R n + 1 = Pn + (*Qn 



where, in virtue of our assumption, the last two of these will be reduced by a 
single term. 

Writing ^ = 1 in the above, P n , Q n , B n , . . . being treated as numbers, we 
get the number of terms in 1 + P n — Q n + B n — iS n + . . . , viz. we have 

AP n = — 1 

AQn = Pn 

AB n =Q n 



the last two of these being reduced by unity. 
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The initial values obtained from (IV) by the consideration of the number of 
its terms are P =7 , Q = 1 6 , R = 8 , S = , T = , etc. 

Tabulating the values of P n , Q n , R n , . . . for different values of n, we find 



ft 





1 


2 


3 


4 


5 


6 


7 


A, 


7 


6 


5 


4 


3 


2 


1 





Qn 


16 


23 


29 


34 


38 


41 


43 


44 


A* 


8 


23 


46 


75 


109 


147 


188 


231 


s n 




7 


29 


75 


150 


259 


406 


594 


T n 






6 


34 


109 


259 


518 


924 


A 








5 


38 


147 


406 


924 


r n 










4 


41 


188 


594 


w 












3 


43 


231 


X n 














2 


44 


Y n 
















1 



and the number of terms in question is obtained by the addition of unity to the 
sum of the numbers in any column. The numbers in the last column show the 
total number of simple syzygies, 2nd syzygies, 3rd syzygies, etc., which are all 
of them irreducible (see American Journal of Mathematics, Vol. VII, p. 337, and 
apply the arguments used there to this case). Thus there are 44 simple syzygies, 
231 second syzygies, and so on, provided only that the assumptions of the present 
article are legitimate ; if they are not, P n , Q n , B n , . . . are still found by the 
same process, but the reduction of the last two numbers of a column by unity 
does not take place. It follows that if our assumptions are inadmissible the 
numbers in the last column must be increased. 

7. Considering the successive multiplications at greater length, we have 
from (IV) 

whence /Si = (R — A lz A w D m ) G 31 

= G 31 x 



R = A ls A n D w 

+ -^AiAo 

r A W B S1 JJ 2I) 
+ A 13 A 22 O sl D, 



20 



^33-"llAo 
T" ^22^13-Ao 
+ -SlAAo 

~r A^B n D w 

+ -^13 / '22^ / ll 
+ ^-13^-22 CW A 
- + ^13-^22 An 
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and six of the third syzygies represented by S x being certainly irreducible, the 
only question that arises is concerning the reducibility of A 13 A 22 G 3 \D W . 

Now observing that by No. (42) G n D %0 is in syzygy with G n D i0 , and making 
this substitution in A l3 A 22 G 3 \D 2(l without altering any other of the terms of $, 
we have 



S, = G'„ X 



Ass-OiiJJui) 
+ Aa-B^zo 
+ A AjAu 
~\~ A 22 B 31 U 2ll 
+ A 13 A w Gn 
+ A 13 A 22 C U D. 
+ A 13 A 22 D iQ 



40 



T i =:{s 1 ~A vt A n a n a a )jj 4l 



— G-i\D ia x 



A 33 B n JJ 2ll 
+ B n B 22 D 2ti 

"T ^-22-"31-^2U 

+ ^13^-22 ^11 Ao 
- + -^-13^-22-^40 



where we assume, as in the first multiplication, that A 13 A 22 G n G 31 D i0 is reducible 
and = D m X A l3 A 22 G u G 31 ; and where the multiplier used is 1 — D if] . Observing 
now that the last term but one of T 2 is divisible by the last, making the assumption 
as to the reducibility of the corresponding 4th syzygy as before, and using the 
multiplier 1 — G n we obtain 
U 3 = {I 2 — A 13 A 22 C 3 iD i0 ) 6 U 

— GuG 3X D iG (A 33 B u D 2(j 4- A 22 B 13 D 20 4- B u B. i2 D 20 + A 22 B 3l D 20 -4- A 13 A 22 C n Jj io j 
and, in the last term in brackets, writing G 31 D 2I} for G n D i0 , which is merely the 
reversal of the previous substitution, 

JJ 3 = G n C 3l D 2 JD iQ (A 33 B U 4- A 22 B 13 + B U B 2S + A 22 B 3l 4- ^ 13 .1 23 6^) . 
Here again, observing that A J3 G 31 is in syzygy with B 13 B 31 , by No. (15), and 
making the corresponding substitution in the last term of U s , we may write 

U 3 = G n C 31 D 20 D M (A 33 B U + A 22 B 13 + B n B 2 , + A n B sl + A 22 B 13 B 31 ) 
where, after multiplying as before by 1 — B sl we obtain 

7 4 = B 31 G n C 31 D 20 D io (A 33 B U + B n B 22 + A 22 B 31 + A 22 B n B 3l ) 
and then using 1 — B i3 for the next multiplier, 

W, = B 13 B 3l C u G 31 D 20 D i0 (A 33 B n + B n B 22 + A 2 £ 13 i? 31 ) • 
The last term in brackets may be written A 22 B\ 2 , since No. (14) shows that B i3 B 31 
is in syzygy with B\ % ; and A 22 B\ 2 itself may be further transformed into A 33 B n B 22 , 
for A 22 B 22 is in syzygy with A 33 B n No. (3). Hence we may write 
W, = B n B 13 B 31 G n G 31 D 2n D i0 {A 33 + B 22 + A 33 B 22 ). 
Finally multiplying by 1 — B 22 and 1 — -4 33 we obtain successively 
X 6 = B n B 13 B 22 B 31 G u G 31 D 2(l D m {B 22 + AM 



and 



Y 1 — Al 3 B u B 13 B 22 B 31 G n G 31 D 2(t D 4l 
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In the course of the work the following reductions have been assumed. 



That of the 2nd syzygy A 13 A n G 31 D, 



20 



3rd 

4th 
5th 
6th 
7th 
8 th 



■^13^-22 ^11 G31D. 



A\ 3 A %% ^11 *-' 3 \D ia 



'40 



Deg. Deg. Order. 

5.8.6 
7.11.7 
10.15.7 
12.16.8 
13.19.9 
14.20.12 
15.22.14 



-^22-°13-"31 ^11 t'Sl "20 "40 
^22-°13-"31 ^ll G s iD w D w 
-^33-"ll-°22-°13-"31 ^11 ^Sl-^HO-^H 
A- 33 B xx B l3 B %% B 3Y ^11 ^31 "sO-^O 

In every other case each n th syzygy is represented by a (% 4- l)-ary combination 
of the groundforms, and is therefore irreducible. The case of F 7 is only an 
apparent exception to this rule, for (Art. 2, Nos. 13 to 16) A 33 G n is in syzygy 
with A 13 C 31 ; so that we may write 

Y 1 = A 13 A 33 B n B 13 B n B 31 G 31 D w D i0 . 
And since B<$B 31 is in syzygy with A% 2 G 31 (Art. 2, jNos. 17, 18), 

•m — -^-\%A^A 33 B XX B X3 B %% C 3X JJ i0 D i0 . 
Lastly, since A X3 A n B xx is in syzygy with A 33 B X3 (Art. 2, No. 4), 

•*■ 7 — - a 33 x> 13 x> 22 L/ 31- L/ 20- L/ 40 ) 

which is the product of 10 letters only, and may properly be taken as a name 
for the unique 9th syzygy of deg. deg. order 15.25.17. 

Can a similar transformation be effected in the case of any one of the 7 
assumed compounds ? Certainly not for the first of them, for there is no ternary 
product of the groundforms of deg. deg. order 5.8.6. It follows then that if the 
2nd syzygy A X3 A W G 3X D i0 is in fact irreducible, and this would make all the rest 
so, the proof must proceed in some other way than the transformation of its 
name into a ternary product. 

8. Proceeding now to the formation of a catalogue, i. e. a list with names, 
of the second syzygies, we have directly from (IV), 

P = A 33 Q = A X3 D. M 4- A n ZAjo B A X3 A Z% G 3X D 20 = A X3 A^D 20 

•+• -°13 •+■ ^33-°ll + -^33-^20 + ^33^11-^20 



+ ^22 
+ ^31 

+ c u 
+ c 31 



4- B X3 D i0 + A 2i B 13 
+ AA + A2A0 

+ -^lAo + ^22^31 
+ ^-13 #11 + 4s8 ^11 
~t~ ^13 #31 "+" ^22 #31 
+ ^13Ao + A2A0 

where the last column forms a portion of the catalogue. 



+ B n B %i D i0 
+ A 22 B 31 D M 

-\- ^-13^22 G xx 

+ A X3 A 22 lJ i0 
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The remaining portion is, with the notation of the preceding article, by 

means of the equations 

R 1 = (R — A 13 A n G 31 D 20 ) + G S1 Q 

P 2 = Ri+ D i0 Q x 

R3 = R* + G n Qz 
R i =z R 3 + B 31 Q 3 

^5 = R>1 + -#13 $4 

R« = -B 5 + B n Q 5 

R 7 = R s + -a-33 §6 

found to be the additional part of P, 

= CnQ + AoQl + CjlQi + -B31$3 + -#13$4 + -#22 $5 + -^33 #6- 

In which, since Q x = Q + G 31 P 

Q 2 =Q X + DJP X 

Q3 = Q2+ G n P 2 

Q i =Q 3 -^B 31 P 3 

Q 5 =Q i + B 13 P i 

Q 6 =Qs + B 22 P 5 
we may substitute these values, beginning with the last, and find for the remaining 
portion of the catalogue the expression, 

Q{G 31 +n i0 +G n +B 31 + B 13 +Bn+A 33 )+{D m +G n +B 31 +B 13 +B 22 +A 33 )G 31 P 
+ ( Cii + B a + B 13 + P 22 + A 33 ) D 4a P 1 + ( B a + B i3 + B n + As) CuP, 
+ (B 13 + P 22 + ^ 33 ) B 31 P 3 + (S M + ^33) P 13 P 4 + ;1 33 P 22 P 5 . 

In this we substitute for P and Q their given values, writing at the same time, 
P,= P - G 3l = A 33 + B 13 + P 22 + P 31 + C u + D M 

P 2 = A- Ao= As + ■»„ + #22 + #31 + C11 
P 3 = P% — G n = J.33 + B 13 -f- B n + B 31 

P 4 = P3 i> S i = ^33 + B 13 + i> 22 

P 5 =P 4 -P 13 = -A 3 3 + ^2 
then multiply out, add in the given value of R — A 13 A n G 31 D W , and arrange the 
terms in any convenient manner. In the arrangement adopted, terms, %. e. names 
of second syzygies, of the same deg. deg. order are written beneath it, and their 
frequency below them : thus 1.6.8 

-^22-^33-Ol3 

(1) 

is understood to mean that there is one second syzygy, of deg. deg. order 1.6.8 , 
whose name is A W A 33 B 13 . 
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9. Catalogue of the Second Syzygies : 

1.6.8 1.7.7 1.7.9 1.8.6 



1.8.8 



(1) 



(1) 



(3) 



(1) 



B n B n A 

(5) 



1.9.7 



A 22 A S3 B 1S 


^33^11 




4 2 H 

^33-° 13 


A^A 33 B sl 


-^33 "ii 


A 2 Ti 


(1) 


(1) 




(1) 


(1) 


(1) 


(1) 


2.4.6 


2.4.8 




2.5.7 


2.5.9 


2.6.6 


2.6.8 


AigA^ 6 U 


A&B n 


A 


>,zB X3 B n 


4 R2 

^ t 33 J °13 


-As®B 13 o al 


Ai3-°13-°22 




. 


A 


)3-Dll-°13 




A n A 33 C n 


B l3 B n A 33 






A 


3 As3 ^11 




^22-°31-°13 
^33-"ll-"22 





(2) 



2.7.5 



2.7.7 



2.8.4 



2.8.6 



2.9.5 



2.9.7 



^22-°2 


jij 31 ^g^lgg G 31 A i2 B S l 


■^22-^33 


^31 


^33 -^l 


A 2 P 

-^33 ^31 




-A33B1 


l B 31 A 33 6 U 

-^33^*13-031 

-«-33-°31-"18 

-^33-"22 




A 33 B 2i 

-^33-°31 


B 3 i 
B n 






(2 


) (5) (1) 




(3) 




(1) 


(1) 


3.3.7 


3.4.6 3.4.8 




3.5.5 




3.5.7 


3.6.4 


A\sB 13 G v 


L -^13-°22 ^11 B i2 B 13 




-^13^22-^20 




^18-"18 ^31 


-^22-^31 ^11 


. 


A n B x3 (j X \ 




-^22"°22 ^11 




A33BW c u 


■^-22 ^U-031 




A %2 ^u-t>13 




^33^x1^11 




A33 G U X3 13 


B n B^B 31 




-°11-°13^>22 




^■13-^31 G-a 




Ti TP 

x> 13-°22 




. 


. 




^11-^22 




B\ S B 31 


. 


(1) 


(4) (1) 




(5) 




(5) 


(3) 


3.6.6 


3.7.5 3.7.7 




3.8.4 


3.8.6 


3.9.5 3.10.6 


■A-isAggDw 


A^A^D^ -^33-"l3 ^31 


^22^*31 ^31 


-^13 


^33^40 -<* 


32-^33-^40 -^33-^40 


A n B n 6 31 


A i2 A 33 D Z0 A 33 G 31 i> 13 


A t 


P Ti 

)2 "-^""Sl 


A 2 

■n-31 


■^20 A 


S3-°31 G 31 


-4-22-°13 ^31 


•^•13-°31 ^31 


B 


}2-°31 


-^33 


-"22 ^31 -^ 


53 ^31-"31 




4»2 ^31-Ol3 


^-22-^22 ^31 






-"4-33 


^31-"22 






A 33 B n G n 


-^•33-°ll ^31 














-^33 ^ll-"22 


-^-33-°31 ^11 














B}gB^B 3 i 


■^•33 ^l\B 3 i 














Bi3B 31 £> n 


B 13 BI 1 
T& Ti 

- D 22- D 31 














(8) 


(9) (2) 




(3) 




(4) 


(3) (1 
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4.3.5 

-"13^11 



(1) 



4.3.7 

^13^11 



(1) 



4.4.4 

An @n 
B n B n G n 



(2) 



4.4.6 

Al3B 13 l) $i) 

B 13 B W On 

^i3 O n B n 



(3) 



4.5.5 

-^•13-^22-^V 
-"lS^ll^l 
-^13 ^31 ^11 
^22^18^20 
^2-^20-"l3 
-"33 ^11 
^13-^31 ^11 

B n C n 
(9) 



4.5.7 
-813C31 



(1) 



4.6.4 

^13 "31-^20 
-^33^'ll-^'20 
-"22-022-^20 
■-"22 ^11 ^31 
-a. 22 C 31 6 11 

B n B i2 31 
B Zi G u B sl 



(8) 



4.6.6 

^13^13^40 

^33-"l3-'Ao 
-^33"20-"l3 
-"l3-°22 ^31 
-"13 ^31-"22 



4.7.3 

-"as-osl-ksw 
A n D l(i B 3l 



(*) 



(3) 



4.7.5 
-"is-022-^40 

-"13 °31 

^422-013-^40 

^22-^40-013 

-"■83- D »^'20 

-^33-^20-022 

-"33 ^11 ^31 

-"33 ^31 Wl 

-013^31^31 

-013^31-031 

B 2i G sl 



4.8.4 

^13-O3l"40 

^28-O23-t/40 

/I f7 2 

^22 ^31 
^33^*11-^40 

A&BsJJto 

^33^20-031 
B 2i B Z iG Z i 
B i2 3 iB n 



4.8.6 

■^88-OlS-^'*) 

-"33-^40-013 



(11) 



(8) 



(2) 



4.9.3 

-"22-O31-^'40 
-"22-^40-031 

•oil ^31 
(3) 



4.9.5 
>4 /7 2 

-"33 ^l 

A ss B n D i0 



(3) 



4.10.4 
-"33-031-040 

-"33-^40^31 

(2) 



5.3.5 



5„0i 



(1) 



5.4.4 
-"13 ^11 "a 
-Mi 



(2) 



5.4.6 
# 2 7) 



(1) 



5.5.3 

-"22 ^11 "sc 
i> n ij 22 Z> 2( 

-0*31 ^U 



(3) 



5.5.5 

-Ol3-O 88 l/ 20 
■°13 ^20^*22 

As ^31^11 



(4) 



5.6.4 

A3 G-uPto 

-"13 ^31-Ao 
-"13-^40 ^11 

-O13-O31A0 
■"I3A0-O3I 

r 2 n 

B w Gn 6 S1 

"22 ^31 ^11 

(9) 



5.6,6 



(i) 
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5.7.3 


5.7.5 


5.8.2 


5.8.4 




i 


5.9.3 




5.10.2 


5.10.4 


_a 22 AAo 


A3A2A0 


- D 31 zy 20 


^13 AlAo 


-A-n: 


Ai Ao 


A1A0 


^33 AlAo 


^22 Ao Al 


A3A0A2 




^AAo 


A 


A 2 < 


Ao 


A 




-^33Ao Al 


-a 22 Al Ao 


A3A1 






-^33 A 


Ao 


A 


.Ai 


Ao 






B u B 2i D i0 








-4«3Ao 


A 


A 


sAo- 


B 31 






A2A1A0 








•^33 AiAo 


Ai A 








A2A0A1 








AsAi 


Ao 












Ai A Ai 








AsAo 


Ai 




. 








Al A Al 








A2A0 
As A 






• 








(8) 


(3) 


(1) 


(9) 






(5) 




(i) 


(2) 


6.4.4 


6.5.3 


6.6.2 


6.6.4 






3.7.3 


6.8.2 


A3 A Ao 


•"22 A Ao 


-#31 


AAo 


A3 


A1A0 




A 


sAoAo 


^22AoAo 


• 


^11 °31 




• 


A3 
A3 


O n X/ 40 

Ao A 




A2 Al Ao 

-D22 AAo 


Ai Ai Ao 
Ai Ai Ao 


• 


• 




. 




. 




A 


i Ao A 


Ai Ao Ai 


. 


. 






. 




. 




Ai A 


. 



(1) 



(2) 



(1) 



(3) 



(5) 



(4) 



6.8.4 


6.9.3 


6.10.2 


6.11.3 


A3 Ai Ao 


^13 Ao 


/l D 2 


-^-33 Ao 


A3 Ao Ai 


-^33AoAo 


Ai Ai Ao 




. 


As Ai Ao 


Ai Ao A 


. 


. 


A2A0 Ai 


. 


. 



(2) 



(4) 



(3) 



(1) 



7.6.2 


7.7.3 


7.8.2 


7.9.1 


7.9.3 


7.10.2 


7.11.1 


AAo 


A3A0A0 


A2A0A0 


A1A0A0 


A 3 Ao 


7? 7) 2 

- D 22 x/ 40 


AxAo 


• 


• 


Ai AAo 
A1A0A. 


• 


• 


A\Ao 


• 


(i) 


(i) 


(3) 

8.9.1 

A1A0 
(i) 


(1) 

8.11.1 

A Ao 

(i) 


(i) 


(2) 


(1) 



Vol. VIII. 



154 Hammond : T7ie Gubi-quadric System. 

10. It would be tedious to give an enumeration of the irreducible 3rd, 4th . . . 
syzygies, especially so since no new principle would be illustrated thereby. 
Besides, it would be very desirable to previously ascertain whether there is an 
irreducible second syzygy of deg. deg. order 5.8.6 or not. As this would also 
require a lengthy investigation, I close the present paper with a few remarks in 
conclusion. 

First. If it should eventually be proved that there is an irreducible second 
syzygy of deg. deg. order 5.8.6, the catalogue would be the same as before, but 
the name A rs A<%C 31 D 20 would have to be added to the 231 names contained in it. 

Secondly. An inspection of the deg. deg. orders will show that there is no 
case of the coexistence of an irreducible simple syzygy with an irreducible second 
syzygy of the same deg. deg. order ; but it would be unsafe to assume that this 
is so for every quantic or system of quantics. The case of the Quintic itself 
shows that this is not so ; for the Quintic has both a simple syzygy and a second 
syzygy of deg. order 8.16. 

Thirdly. If, as I have always found to be the case, simple syzygies may be 
represented by binary combinations and second syzygies by ternary combinations 
of the groundforms ; there is an advantage in working with the Real Generating 
Function instead of the Numerical. For two terms, one of which is a binary 
and the other a ternary combination of the groundforms cannot cancel each 
other ; but if, as in the case when the Numerical Generating Function is used, 
both are represented by the same symbol, they may so cancel each other. This 
advantage is of course limited to those cases in which irreducible first and second, 
or « th and (n -\- l) st syzygies coexist ; but the Real Generating Function gives 
names as well as the frequency of syzygies, whereas the Numerical Generating 
Function gives the frequency only, and this constitutes a special advantage in 
the use of the former over that of the latter. 

Finally, the name of a second syzygy being PQB, where each letter denotes 
one of the groundforms, there cannot be more than two second syzygies of this 
name when P, Q, and B are three distinct letters, there cannot be more than 
one second syzygy of this name when P, Q, B are only two distinct letters 
(i. e. there cannot be more than one whose name is PQ 2 ), and there can be no 
second syzygy whose name contains only one distinct letter (P 3 ) . This law is 
revealed by an inspection of the names in the catalogue, its significance is best 
seen by the following example. 
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Name Aj 3 B u , deg. deg. order 1.7.7 

A 33 (A 13 B 31 — A 33 B n + 2A 22 B 22 ) outside factor A 33 , inside factor A 33 B n 

R ( Ai A aAS A% \ u u T> << << Ai 

-"11 \- a -13- a -40 ^- a -2& ^33/ -°U -^33 

+ 2 A n ( A 13 A iQ B w -f- 2A 13 A^B %0 — 2 A w B n A 33 B 22 ) 
i A 13 ( A 13 A i0 B n — 2A^A i0 B 02 4A 22 B W — A 33 B S1 ) = . 

Observe that it is necessary to the existence of a second syzygy that its name 
should be divisible in two ways, into an outside and an inside factor, the outside 
factor being the name of a covariant and the inside factor the name of a first 
syzygy : for the name P 2 Q, the only two possible ways are P outside, PQ inside, 
and Q outside, P* inside. Thus there will be one second syzygy, and only one, 
whose name is P^Q, if both P 2 and PQ are the names of syzygies. But if there 
is no syzygy named P 2 , or no syzygy named PQ, there will be no second syzygy 
named P 2 Q. Again, P 3 can only be divided in one way, viz. P outside and P 2 
inside : hence, there is no second syzygy named P 3 . 

For the second syzygy named PQB, we have the three divisions (1) P 
outside, QB inside ; (2) Q outside, PR inside ; (3) B outside, PQ inside. Suppose 
now that there exist three syzygies named QB, PB, and PQ. These may be 
written in the form QB ==..., PB = . . . , and PQ = . . . , in which the name 
of any one of them does not appear in the other two ; and then we should have 
three second syzygies, viz. 

P(QB...)-Q(PB...) + ... = 
Q(PB ...) — B(PQ ...) + ... = 
B(PQ...)-P(QB...) + ... = 

where the terms written down may be called the distinctive portions of the 
second syzygies. But the distinctive portion of the third of these is the sum of 
the distinctive portions of the other two ; proving that there are not more than 
two second syzygies named PQB. If PQ should not be the name of a syzygy 
the last two " second syzygies " would be non-existent, and there would remain 
only the first. The example given above illustrates this case also if we alter the 
name to A 13 A 33 B 31 (as we may if we choose) . For there is no syzygy that can 
be named A n A 33 . 

Buckhuest Hill, Essex, Oct. 3, 1885. 



